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Non- Quaternion Number- Systems Containing No 

Shew Units, 

By Dr. G. P. Starkweather. 



§1. 

In §2 is first given a brief statement of a few important properties of 
number-systems in general. Next is given a proof of a statement made by 
Scheffers as to the possibility, in the special class of number-systems here con- 
sidered, of a selection of units having certain simple multiplicative properties 
(see p. 371). 

In §3 it is shown that the units can be so chosen as to give in general a very 
much simplified form of multiplication table, and a method is given for 
deriving systems of the type considered in n units from those in (n — 1) units 
(p. 376). 

In §4 is given a theorem on nilfactors (p. 377). 

In §5 application of the principles deduced is made to systems the degree of 
whose characteristic equation is two less than the number of units. Certain 
general theorems are proved (p. 379), and the systems are reduced to a few 
typical forms having some peculiar properties (pp. 380, 381, 382). 

In §6 the parameters of the systems discussed in §5 are specialized, so far as 
possible, for the case when the number of units exceeds six, and a table of all 
the possible non-equivalent forms is given (pp. 385, 386). 

§2. 

It has been shown by Scheffers* that complex number-systems in n units 
can be divided into two distinct classes. In any system of the first class, called, 

* " Complexe Zahlensysteme," Mathematische Annalen, XXXIX, pp. 306, 810. 
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after its best-known representative, the quaternion class, there exist three quan- 
tities, e u e 2 , e 3 , between which and the modulus, or idemfactor, no linear relation 

exists, such that 

e l e % — e 2 e l =. 2e 3 , \ 

e 2 e 3 e 3 e % == 2*1, >• (1) 

€g &i — €i e$ — ze% . ) 

For every number-system of the second class, to which the name non-quaternion 
is given, it is possible to choose as units quantities 

%....«,. Y[\ . . . . Y[ g 

which have the following multiplicative properties: u t Uj and u s u t , j^i, are 
linear functions of v^ . . . . Uj_i . yi\ = %. ^^ = 0, i^Jc . YiiU k is zero except 
for one value of i, say \, when it equals u k , and similarly u k yji is zero except 
for one value of*, say [i k , when it equals u k . If y. k ^ X te , the unit u k is said to 
be skew, otherwise even. This form is called the regular form, and no quater- 
nion system can be put in it, nor does any non-quaternion system contain 
quantities satisfying the equations (1). 

If we consider now non-quaternion systems without skew units, if there be 
more than one of the quantities yi, the system can be reduced to a sum of systems 
containing each only one yi .* Therefore, it is assumed that in the systems here 
considered there are (n — 1) of the units u and only one iq, which is the modulus. 

Any number 

x = a 1 u 1 + . .. . a„_! «„_! -f fa 

(where a x . . . . a„_i, £ are ordinary complex quantities) satisfies the equationf 

(x—faf-o, 

where v^-n. This is the characteristic equation. If v = n — h, h may be called 
the deficiency of the system. 

It follows from this equation that every number a formed from the units 
u x ....«„_! satisfies the equation cr m_s = 0. It must be possible to choose <r 
such that a n ~ s ~ 1 =f= 0, else the characteristic equation would be of lower degree. 

*Ibid., p. 328. tlbid., p. 316. 
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The (n — 8 — 1) quantities a, cr 3 . . . . cr™ -8-1 are all linearly independent, for 
suppose 

a l &— , - 1 +a t o n -'- i + =0. 

By multiplying enough times by a we can make all the terms vanish but one, 
and hence have a k = 0, where h < n — h, contrary to hypothesis. Hence, we can 
use a w ~ s ~ 1 , a n ~ s ~ 2 . . . . a as (n — h — 1) new units, w lt w % . . . . w n _ s _ 1 , where 
w a = a n ~ s '~ a . The multiplication of the w's is very simple, following from that 
of the cr's, and will be regular in Scheffers' sense. In fact, w i w k = w i+k _ n+s or 
, according as i + h — « + S^>0 or ^}>0. 

These units, with ri , make a total of (n — o) . The remaining 8 may be 
selected from the u's in the following way : 

G — a l, 1 u \ r • ' • • a l, « — 1 u n— 1- 

From the multiplicative properties of the w's, cr 3 can contain no u of as high an 
index as occurs in a, similarly for a z with respect to cr 3 , etc. Solve each 
equation 

<y k = «*, i % + • • • • 

for the u of highest index occurring therein. Each of these w's is, therefore, 
expressible in a o k and u's of lower index, that is, inaw and w's of lower index. 
Since there are (n — 1) u's and only (n — 8 — l) equations, there are 8 us which 
are not so expressed. These, which will be denoted by u Sj , u tt . . . ,u g , 
z 1 <Cz % . . . . <C z«, will be taken for the remaining h units. This is possible, for 
any u, u } , other than these, can be expressed, we have seen, in terms ofaw, w k , 
and -w's of lower index than u jt hence ultimately in terms of w x . . . . w k and 
u g . . . . u z , where u^ a is that one of u Zi , w^ . . . . « immediately preceding u s . 

The multiplication of the w's we have remarked to be regular. If we write 
the units w x . . . . w„-s-i> u Si . . . .u e& in such order that no w preceding u Za contains a 
u of as high index as z a , and every w following u Za contains a u of higher 
index than z a , which is evidently possible, the multiplication of the new 
units will be entirely regular. For if we consider u e w k andioj-w^, where w k lies 
beyond % a , the product expressed in u's can contain no u of higher index than 
(z a — 1), and the product is accordingly expressible in w's and ujs preceding u^ a . 
Similarly for u^ a w k and w k u^, where w k occurs before u„ a , and also for u Za u 
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This verifies a statement made without proof by Scheffers,* in considering the 
cases 3=1 and 5 = 2, that the 5 units in addition to w 1 . . . . w n _ s _ lt y could be 
so chosen as to make the table regular, although their position relative to the 
w's is unknown. 

§3- 

It is now proposed to show that by abandoning in part the regular form, the 
multiplication table can be simplified in certain cases. The methods are an 
extension of those used by Scheffers in considering the case 5=1. 

The units w 1 . . . . to„_ s _ 1( u Si . . . ,u z& being regular in some order, in which 
the order of u tl . . . . u Zi is, however, unchanged, u Ss occurs in none of their 
products. Therefore, the system w x . . . .w n _ s _ lt u ei .... v, x , vi is unchanged by 
the deletion of u gi , and is a system of (n — l) units. Since w n _ s _ 1 = a is in this 
system, the characteristic equation is the same as before ; hence this system of 
(n — 1) units is of deficiency (5 — 1). It will now be assumed that any system of 
deficiency (5 — 1) can, by replacing u t by 

*p = % + a 2i p w% + . . . . a (B _,_ 1)iP w n _ s _ 1 

P=l, 2 (5—1) 

be put in a form having the following properties : r 3 w n _ s _ k and w n _ s _ k r? are 
zero if k > (3, contain only w x if k = (3, while if k < (3 they are linear functions 
of w x . . . . w p _ lc+1 , t x . . . . T |3 _ fc . We wish to prove that the same can be done for 
systems of deficiency 5. By the notation (x, y, z . . . .) will be meant a linear 

function of x, y, z 

Now, 

All of these last w's are expressible in w's and u ti , u Zi u x _ (see p, 371), 

hence, in w'& and t lt <r 2 . . . .t^-i- So 

or 

u Zs o = c 1 <y n -*- 1 + c n _ 6 _ 1 c + c? 1 <r 1 + cZ 6 _ 1 'r 6 _ 1 . (3) 

Similarly, 

w n _ 8 _iW^ = c(«o 1 + cl_,_itt,.|_i + (ii i ri+ <?8_i<r 8 _i. (2') 

a it, a = cid*-'- 1 + c' n _ s _ 1 a+d{t 1 + d«_i*»_i. (3') 

*Ibid, pp. 333, 840, 341. 
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Case I. n ^f> 25 + 1 . 

Let v t = u„ + \wi + • • • . ^_j_iW K _t_i where /L 2 . . . \- s ~i are arbitrary. 
Then, 

t s W>„_s_i = ^W„_8_i + /l 2 W>i -f A„_ 8 _ 1 tO„_a_ a = (C, + ^) Wj 

+ (Cn-S-2 + ^_8_i)w„_ 8 _ 2 +C a _ a _ 1 W„_ a _ 1 + (^ 1 <r 1 + . .. .<?,_! <*,_!. (4) 

Multiply this by 0* -1 , obtaining 

v s w n _ s _ k = e i w 1 + c n _ B _ 1 w n _ s _ k + (d\r l a h - 1 + ... . d 4 _!*„_! o* -1 ). 

Now by the law assumed for the multiplication of t x . . . . < r a _ 1 with the iris, no 
higher w can occur from the parenthesis than w s _ k+1 and no higher t than 
v S -k- And since re ^> 28 -\- 1 , n — 8 — h^p 8 — k +1, and accordingly ? $ w n _ s _ k 
has as its highest w, w? s _ fc + 1 , and as its highest t, t$^ k . If k^>8 the terms all 
vanish. A similar proof applies to w n _$_ k v s . Hence the multiplication of t t 
with the w's is according to the law assumed for t x ... . t' 8 _ 1 . 
From (2') 

+ c4_ a _iW„_ a _i + d{*i-f d s '_i*s-i- (4') 

Hence, the Jl's can be so chosen as to make the coefficient of toj occurring in 
fs w n-s-i the negative of that occurring in w n _ s _ 1 t s , except for i = n — 8 — 1 . 

Case II. n > 28 + 1 . 

Multiply (3) by a s . Since n — 8>8 + 1, a s+1 j=0. We have then 

«, s ff a+1 = c a+1 (T"- s - 1 + e._,_ 1 <r* + 1 + (d l *H *_! «r,_i) cr 8 . (5) 

But by the assumed law of multiplication the last term is zero. Multiplying 
by a*" 1 , 

So from (5), 

But 

= (o, cr 3 . . . . cr" -8 - 1 , <?!•... -Ts-i). 
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Multiplying by o &+1 , since r 1 ....r s _ 1 all make zero into a s + 1 , we find that 
t^ s <r s+1 does not contain <r s + 1 , hence, comparing with (6), c„_ s _ 1 = 0. 
Therefore, equation (3) becomes 

«« a <r= o 1 O n -'~ 1 + ... .c n _ 6 _ 2 (T 3 + ^ 1 <r 1 + ... .&,_!*,_!. (7) 

Similarly, 

Gu, s = c[a n - & - 1 + ^_«_ 2 <r a + di*i+ ^-1^-1- (7') 

If n = 2$ + 2 the method of Case I can now be followed. If n > 25 + 2, 
m — 5>3 + 2,and(7 6 + 2 :£0. Multiplying (7) by a 8 left-handed, and (7') by 
cr 8-1 left-handed and c right-handed, and equating, 

o 8+1 a -+- . . . . c n _ s _ 2 a — c s+1 (j -j- . . . . c„_ s _ 3 <j r -|-a' S _ 1 a Ts_i<t. 

But <r 6 "~ 1 ir 8 _ 1 can contain only Wj or or" -4-1 . Hence the last term vanishes. 
Since the cr's are linearly independent, we must, therefore, have 

Accordingly, if we substitute 

«" — ti _l_ 1 «» — s — 2 1 1 -n— 26 — 1 - .-«— 2S — 2 __ _, 

~s — »2 8 tAi(j -i-..../.j(T — c 6 + 1 a — .... — c m _ 6 _ a cr, 

where the A/s are arbitrary, there results 

fj W„_s_l= (Cj + /li) 4»i + . . • . (C a + A s ) W s + C^T 1 ! + . . . . d5j_ 1 1'j_ 1 , (8) 

and likewise 

w n _8-i ir 8 = (e| + ^0 Wj + (c s ' -\-h s )w s + d[v 1 + di^ t S -i- (8') 

Multiplying (8) by a* -1 — w n _ s _ k+1 , 

t s t0„_ 6 _ fc = (C fc + Xn) Wj + (c, + A s ) W S -fc + l 

+ (^1*1 + • • • • ^S-l^S-l)^-S-&+l- 

But, by the multiplicative properties of Tj . . . . <r 6 _ 1 , the highest w occurring 
from the parenthesis is w s _ h+1 , and the highest t is T's_ fc . Hence, v s w n _ s _ k and, 
similarly, w„_s_fc*s> conform to the given law. 

Evidently in (8) and (8') we can so choose X^ . . . . A s that the coefficients 
of Wi occurring in (8) are the negative of those in (8'). We saw that this could 
be done for Case I, %^>25+ 1, except for w n _ s _ 1) should it occur. In the 
present case it cannot occur, for since ra > 28 + 1, 8<C.n — 8 — 1 . 
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It has, therefore, been proved that if a system of deficiency (8 — l) can be put 
in a form having certain multiplicative properties, one of deficiency 8 can. But, 
by going through this demonstration with 8=1, it will be seen that a system of 
deficiency 1 can so be put, as, indeed, has been shown by Scheffers. Hence, 
the theorem is true for 8 = 2, 3 . . . . 

Consider t a t p , where /3 ^> a. 

where x can contain only 

Wj • • • • IV a , TT J • • • • T a J . 

w, a *f> — W* a {u Zfi + h. z w % + . . . . b n _ s _ l w n _ s _,) 

= («O x . . . . W M _8_i , %,.... M* a _ J . 

Hence, 

v,*e = e 1 w l + ... e^o a + e a+1 w a + 1 + ... e n _ s _ 1 w n _ 8 _ 1 + hr t + ... ^_ x *„_!, 

or 

T- a ^ = e 1 cr"- 6 - 1 +....e a ff' l - 6 - a + e a+1 (r»- 6 - a - 1 

+ e w _ 6 _ 1 + 6, Tj + &„_! * m _ 1# (9) 

If n — <$3>a+l, » — 8 — l^>a, and e m (m > a) does not occur in (9). If 
n — 8 > a + 1 , <T" +1 :£ 0, and multiplying (9) by c a , since 

t x or = t % a a = .... <r a _ 1 c a = , 
we find 

* a r p (r =e a+1 <r"- 8 - 1 + e._ a _ 1 <r- +1 . (10) 

If (3 <C a, r p <r a = 0, and the preceding equation necessitates 

Similarly for <*><?„. If, however, /3 = a, (10) becomes 

T» a <r"=e B+1 <r— *-»+ ... + e ft _ 6 _ 1 <r» + 1 . (11) 

But <r a a" = jpwj = pa n ~ s ~ \ 

So rla a =pr a a n - s -\ 

49 
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And since n — <5>a+l, n — 8 — l>a, so i^a" -6-1 = 0. Therefore, flo a = 0, 
and comparing with (11), 



e a+l e a+2 ' • • • e »— 8-1 



as before. 



Therefore, the following facts have been proved : Every irreducible non- 
quaternion system without shew units can have selected as its units quantities 
w x . . . . to„_ s _i, t x .... t s , y\ which have the multiplicative properties given below: 

w % w h = w i+k _ n + s or according as i -\- Jc — n + 5> or i -\- h — n + 8 ^> 0. 
fa w n-s-/b cmd w n _ s _ k * a are zero ifk~p-a, contain only w x ifk — a, while i/Te<Ca 
they are linear in w x . . . . w a _ k+x , f\ • • • • **«— *• The coefficient of the term in w t 
occurring in t a w n _ s _ x is the negative of that in w n _ s _ x t a except for i=zn — 8 — 1 . 
<r a t fi and tp t a ((3 ^> a) we linear functions of w x .... w a , t x ... . f a -i- 

It will be seen, therefore, that the multiplication of the <r's with each other 
is not regular, but the remaining multiplicative properties are much simplified 
from Scheffers' general regular form. If 8 should be large compared with 
(n — 8 — 1) the w-t form will not be so simple as the w-u e form, which is 
regular, but if 8 is small compared with (n — 8 — 1) it will be much simpler. 
By application of the associative law it is easily seen that for 8 = 2 the w-t 
form is regular if we place the unit t x before w n _ s _ x . 

If the row and column r s be deleted we have a table in 
w t . . . . w n „ s _ x , t x . . . . <r s _i, yi or (n — l) units, of deficiency (8 — 1) , which 
nowhere contains t s . Hence, if we take every independent system, of the type 
considered in (n — 1) units of deficiency (8 — 1) in the w-t form, and border it 
with a row and column * s having the multiplicative properties given above, we shall 
obtain every possible system in n units of deficiency 8 . 

This bordering will introduce certain parameters, which can be reduced in 
number by application of the associative law and also by the fact that r"~ s = . 
Further reductions may be made by introducing new units of such a type as not 
to change the multiplicative properties. Allowable substitutions are 

*L = a***+K**-i + Pa fit 

a'—aa + ba z + pa"-*- 1 . 

Other substitutions maybe available in special cases. lfn~^>S8, applications 
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of the associative law can be made irrespective of n. If, however, n~$>3&, 
each value of n has to be considered separately. 

It will be noticed that with a given original set of units and with a once 
chosen the t's were determined uniquely. The new r's indicated by the first of 
the preceding equations are those which could arise from the same choice of a , 
but with the given system in a different form, linearly connected with the old 
form. 

It may be asked, conversely, are all systems in the w-t form non- 
quaternion systems of the type considered ? If they are non-quaternion, they are 
of that type, from the form of the characteristic equation. It is easy to show 
from the multiplicative properties of the w-t form that it is impossible to find 
three quantities, e lt e 2 , e 3 , satisfying equations (1). Hence, no quaternion system 
can be put in that form. 



A quantity v such that 



§4- 
vx = xv = 



for all values of x may be called a nilfactor. Such cannot exists in a 
system containing a modulus. The following theorem will be needed in §6, by 
incomplete systems being meant systems without a modulus : If two incomplete 
systems are equivalent, and the same nil/actor is a unit in each, then if this 
nil/actor is deleted from each system the deleted systems are equivalent. 
Let the systems be 

Mi« 2 • • • • U n-\ v > 
r Uj\ Ikfy • • • ft lift _ . j 'V , 

where 

u'i = o-i, !«!+... . a,, „_! w„_i + b t v, i = 1, 2 . . . . n — 1) 

} (2) 



(1) 
«t = «i, i «*i + .... a' t „_! u' n _ x + b' i v l , i = 1, 2 . . . . n — 1 



Then the systems obtained by deleting v and v' are equivalent. For, consider the 
system 

««' = «<, i»i+ •••• a<,n-i*V-D *=1, 2....n — 1 (3) 
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the system v x . . . . o n _ 1 having the multiplication table of % ... . u n _ 1 with v 
deleted. Now, equations (2) can be obtained from equations (1) by substituting 
v' for v in the first (n — 1) equations of (1) and then eliminating for the quanti- 
ties % . . . . u n _ 1 . Evidently the coefficient of uj occurring in u t of (2) will be 
unaffected by the values of b t . . . . b n _ 1 in (l), hence will be the same if 
b x . . . . b n _ 1 are zero. Therefore, we obtain from (3) 

Vi = a' i% i v[ + at, B _i»«_i , i = 1, 2 . . . . n — 1 . (4) 

v being a nilfactor, 

% Uj = (a^ i Uj + . . . . a i( B _2 t* n _i)(<fy t j itj + . . . . a^ w—1 w^ _i) . 

Now the multiplicative properties of the m's after deletion are the same as before, 
except that v is dropped out. Hence, v' t v'j expressed in v's is identical with u^u'j 
expressed in us (with v k — u k )\, except for the terms in v. Therefore, from (2) 
and (4), v[ vj expressed in v''s is identical with u- u\ expressed in u''s (if we set 
vi = u' k ) , except for terms in v 1 '. Hence, the multiplication table of the v n s is 
identical with that of the u"s with v' deleted, or the deleted u' table can be 
obtained from the deleted u table by 

Mi = a*, i Mi + • • • • «i, »_i\_i, i = 1, 2 .... n — 1 

which proves the theorem. 

This proof evidently holds if, instead of having v' = v , we have v' = cv . 
The theorem is also true if v' = cv + as, (c :£ 0), provided one of ^ and v', say v, 
occurs nowhere in the products UiU } . For if we substitute for v a new unit 
v" = cv + as, then v' = j/', and a/ and v" can be deleted. But since v does not 
occur in u t Uj, no change is made in the table, and hence the deletion of v' 1 has 
the same effect as that of v . 

§5. 

An application of the principles obtained will now be made to the case 
5=2. n ;> 2, else the characteristic equation is of degree lower than unity, 
which is impossible. If n = 3 , the characteristic equation becomes x — £?? = 
orcc = £>7, or there is only one unit in the system, ri, not three. The cases 
n = 4, n=5 have been already considered by Scheffers by different methods. 
These will, therefore, not be considered here except for comparison with certain 
results true for n > 5 . 
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n being greater than five, the general multiplicative properties of the w — r 
form give us the following table, n being omitted as unnecessary : 





W 1 


w t .. 


..w n _ 5 


W»-4 


W„_ 3 


*i 


*2 


w 1 
w % 






0.. 
.. 

* 


. .0 
. .0 








w 1 










Wn-5 


6 


• 

6.. 


• w n _ 8 


W»_T 


U>n-» 








«»-4 





0. . 


• -w n _ n 


™»-6 


Wn-5 





lw X 


Wn-3 





w x . 


• •w n _ 6 


™»-5 


w n — l 


aw x 


ct x + ew x + hw t 


*1 





.. 


.0 





— aw x 


bw x 


r*i + fa>i + pw% 


*2 





0.. 


.0 


mtPj 


dt x 

— ew 1 

— kw % 


St X 

+ qwz 


jt x + hw x + iw z 



By comparison of (at z ) a with a (%a), it follows that k = a ( c + <*) ^ w h ence 



Z = ^ (Sc + d), m = 



(3d + c) . 



By comparing t\t x with t 2 (t 2 t x ) and rj r| with (*!*%)**, there results r = s = 0. 
It is therefore evident that the table will be regular in Scheffers' sense by placing 
t x before w n _ 3 ; also w x is a nil/actor. These facts are true for n = 5 , and, if a is 
chosen suitably, for n = 4 . 

Further application of the associative law must be made separately for 
n = 6 and n > 6. An additional property common to both cases is found to be 
p = q — 0. This gives rise to the important fact that w x is unique; that is, if 
two systems 

w x .... w n _ 3 , t x , t % , 57, and w[ . . . . w' n _ s , t[, t' % , n 

are equivalent, then w' x equals w x except for a constant factor. For 
a' = A 1 a + .... A n _ 3 a n - S + B x t x + B % t % + C n . 
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G must be zero, else a' n ~ z + . Therefore, cr' 3 can contain only a % . . . cr" -3 , r x . For 
the products of the cr's can contain only cr 2 . . . . cr n-3 , while the products of the 
t's with each other and with the cr's can only contain w lt w z ,t x , orcr" -3 , a n ~ i , t x ; 
since ra > 5 , n — 4 > 1 . Also n — 3 > 2, hence neither ff' nor cr /a can be w[. 

Similarly, cr' s can contain only cr 3 . . . . cr" -3 , for t^c* = crVj = , h > 1 , 
<r a c* = cr fc T 2 = 0, &>-2, while <r 3 cr 3 , ffV 3 , t"^ and t^ contain only tc x , or cr™ -3 , 
and « — 3>2. cr' 4 is accordingly linear in cr 4 '.. . . cr" -3 , cr' 6 is linear in 

cr 5 cr" -3 , and so on up to cr'" -3 , which will contain only cr" -3 . That is, w x is 

the same as w x , except for a constant factor. This theorem is not true for n <C 6 . 

The system is now in the following form, only those products being given 
which are not definitely known. 





«•»_« 


w n—3 


*i 


*3 


W n -i 









— (3c + d) w x 


W»-3 






aw x 


Wi+ -x-(c + a") mj + ewx 


*1 





— aw x 


bw l 


M 


*3 


~ -| (3c? + o) vh. 


dt x — 
■^(c+d)w z 

— eio l 


gw x 


jVi + iw 2 + hw 1 



The remaining facts yielded by the associative law and the characteristic equa- 
tion are mostly conditional, and subdivide the tables into classes. If n > 6 we 
have the following forms, reciprocal systems being considered equivalent: 

I. If 6 + 0- Thenc=d = t=/=0. 

II. If6 = 0,/ 3 + ^. Thene=d = » = 7 = 0. 

III. If6=0,/=# = a = 0. Theni=0. 

IV. If6=0,/=# = 0,a + 0. Then*=/=0. 

V. If 6 = 0,/=gr + 0, o = 0. Then c= d, i = cf. 
VI. If & = 0,/= gr + 0, a + 0. Then c = d,j= 0, i = cf. 
VII. If 6 — 0,/=— + 0. Then d = — c,i = cf,j=0. 
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By the transformation <t[=.t % + a,t x , h can be made zero in I, II, V and VI, 
and e can be made zero in IV. With these simplifications the preceding forms 
will be called typical forms. 

The case n = 6 presents some especial difficulties, and its details will not be 
considered in this paper. For the writer's present purposes it will suffice to 
state that if w% does not enter into t\, <r 2 cr or at 2 , the system can be put into one 
of the following typical forms : 

I. b=f=0; j=c = d = h=-0. 

II. 6 = 0, aj=0,c= 0; d=e=j=0. 

III. b = 0,a=f=0,c^=0; d = — c,j=f=g = e = 0. 

IV. 6 = 0, a=0, crf=0;f=g = 0. 

V. 6 = 0, a= 0,c= d = 0,/=f:g; j = 0. 
VI. 6 = 0, a= 0, c = d = 0,f=g. 

The cases n = 5 and n = 4 are very simple, and the following may be put 
as typical forms : 



w-. 



Wo 



n = 5. 



w-, 



Wo, 



*1 


















MJj 


«^j 


CTj + ^j 





— ato x 


6w-> x 


f™\ 





— ew x 


^i 


j* x + AWj 



I. 6:£ 0; c = d=j = h= 0. 

II. b = 0, a=f=0; c = d=e=j = 0. 

III. 6 = a = 0, /:£ 0; c~d—jz=0. 

IV. 6=a=/=0; #=0. 

For w=4, in the preceding table w z does not exist, and 6=/ = A = 0, 

9 = -f- 

A quantity a such that ax = — sea for all values of a? is called an alternate. 

Such cannot exist in a system with a modulus. A nilfactor is thus 
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also an alternate. By actual trial in each of the given typical forms the follow- 
ing theorems can be demonstrated : 

I. A system in a typical form possesses no nil/actors except linear functions of 
w 1 and such t's as are themselves nilfactors. 

II. A system in a typical form possesses no alternates except linear functions of 
w 1 and such ?'s as are themselves alternates. 

§6. 

We will next proceed to reduce the parameters so far as possible for n ^> 6 . 
By means of the transformation r[ = t-^ + ot,v 3 , or by an interchange of the tt's, 
or both, Case I can be reduced to Case II if/ 3 =fc <f , to Oases V or VI (according 
as e = or e =£ 0) if /= g ^= , to Case VII if / = — g =£ , and to Cases 
III or IV (according as e = or e =£ 0) if /= g = 0. 

Transformations t^ — xt z , r{ — y*i, a' — z<3 enable us to reduce a great 
many parameters to unity or zero, dividing each typical form into a large 
number of subcases. Certain transformations show some of these subcases to be 
equivalent to others of the same group. Thus in III are employed 

a' = cr + af % and r{ = t\ + <* w i> 
and in VII, 

t' % = <r 2 + (xt 1 !, a' = cr + ctcr 2 , and cr' = cr + at-^. 

Furthermore, an interchange of the <r's shows an equivalence between certain 
cases of different groups. 

There is thus found a total of 40 systems. To test directly to see what of 
these are linearly independent might require 780 applications of the general 
linear transformation. As a matter of fact it would require at least 364. The 
process is greatly reduced by the following considerations : 

Suppose two systems w-^ . . . to„_ 3 , t lf *2,ri, and w[ . . . w' n _ 3 , t[,t'i, rf ar e equiv- 
alent. Evidently y; = vf. Consider any unit v! of the second system different 

from V- 

u' = a 1 w 1 + a n _ 3 w n _ s + b^ + b s * z + on. 

But c must be zero, else u' n ~ z =/= 0. Hence, the incomplete systems 
Wi . . . . w„_ 3 , t 1 !, t 2 and w[ . . . . w' n _ z , r{, t' 2 are equivalent. We therefore need 
test only the incomplete systems. 
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First, the systems can be divided according as they are commutative or 
non-commutative. Secondly, since the number of linearly independent 
nilfactors is evidently a characteristic of the incomplete system, by the 
theorem on p. 382 these two groups can be divided according as none, 
one, or two of the <r's are nilfactors, the last case of which can occur, of 
course, only in the commutative class. Thirdly, since the number of linearly 
independent alternates is evidently a characteristic of the incomplete system, 
the subgroups of the non-commutative class can be subdivided according as 
none, one, or two of the r's are alternates. These considerations separate the 
systems into eight distinct classes. 

Next, supposing two systems to be equivalent, delete w x . w 1 being 
unique and a nilfactor, the deleted systems must be equivalent by the 
theorem on page 377. The deleted systems will be in the typical w-r forms 
with w 2 taking the place of w lt and will be of deficiency 2 with one less unit. 
We can, therefore, subdivide each class according to the commutative, nilfactive, 
or alternate properties of the <r's with w x deleted. 

Now, if two systems, with w 1 deleted, are equivalent, w z is unique, for it 
takes the place of w lt and, since n >• 6, the deleted system has at least six units 
(countings). This does not imply that w % was originally equal to w 2 , for 
they may have differed by the deleted w x . Therefore, w % being a nilfactor, 
if we delete it, the deleted systems must be equivalent. The deleted 
systems will be in the typical w^t forms with w s taking the place of w lf and 
will still be of deficiency 2. We can, therefore, make subdivisions according to 
the commutative, nilfactive, or alternate properties of the <r's with w x and w % 
deleted. In some of the classes w 2 does not enter into any products, and in fact 
the application of this principle gives only three separations. 

We can proceed thus to delete w's until we have only the four units w n _ i , 
w„_ 3 , t lt t 9 , although the deletions after tv 2 change no multiplicative property 
of the t's. io„_4 is not necessarily unique in the deleted systems (see theorem, 
p. 379), so it cannot be deleted. Now, if originally two systems were equivalent, 
they will be equivalent thus deleted. We can, consequently, apply the general 
linear transformation in four units to test the equivalence of the systems. The 
results, in common with those given in the last few paragraphs, are only nega- 
tive ; that is, equivalence in the deleted systems does not imply equivalence in 
the original systems, although non-equivalence necessitates non-equivalence 
originally. 

50 



«»- 


.3^"- 


3 +&!*! 


+ &!! *2 > 


A n 


-3*" 


- 3 + J5 1 r 1 


+ 5 2 T , 2 . 


««- 


-8*"- 


" 3 +/Vi 


+ ft-V 
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Application of the general linear transformation in w n _ i , to„_ 3 , r lt <r 2 shows 
that a system in which y = is distinct from one in which y ^= , and a system 
in which y = c = ory = cZ = is distinct from one in which d, c^fz . These 
lead to further classifications and divide the systems into twenty-seven distinct 
groups, necessitating at most tifty applications of the general linear transforma- 
tion to test equivalence. 

The general linear transformation is 

r{ — A 1 a + A % cr 2 + . 
^ = ai (T + a 2 cr 2 + . 

a x =f= , else cr' n_3 = 0. w' n _± . . . . w[ follow as powers of cr'. From the general 
multiplicative properties of the system w' n _± can contain only cr 2 . . . . cr" -3 , <e lt and 
w' n _ ii+k) only <j 2+k . . . .cr" -3 , and in each case the first term must occur, its coeffi- 
cient being a\ +k . In fact 

w[ = a'i~ 3 w 1 w^ = a\~ i w z -\-bw 1 w 3 = af -B w 3 + cw % + dw 1 + e^ 

where e = unless n = 7 , and b, c, d and e are independent of a 4 . . . . a n _ 3 . 

The products of *[ , <r 2 with cr" 1-4 ... a'' show successively that A x , ,1 2 . . . J.„_ 6 , 
«!, a 2 . . . a M _ 6 are all zero, and these conditions suffice to make the whole io'-<r' 
table of proper form except the products of *[ and t' % with themselves, each 
other, and with cr' and c' a . Changing the notation, we have accordingly 

cr' = a x a + a 2 cr 3 + a n _ 3 cr n_3 + \ <r x + 6 2 <r 2 , 

<r{ = J.!^ -f ^tog + A 3 w 3 + I?!*! + B z t z , 

v^OiW! -f a 2 te 2 -f- a 3 w s + /3 1 t' 1 + &<r 2 . 

Now, the products of ri and t^ with cr', cr' 2 . . . . cr" 1-3 expressed in w's and tf's, 
are not affected by the values of a 4 a»- 3 - It follows from the two pre- 
ceding sets of equations that the values of %, w 9 , w 3 , t-y and <r 2 expressed in 
w{, w£, w 3 , tTj, <r 2 are independent of a 4 . . . . a M _ 3 . Therefore the multiplication 

table for w[ . . . . ^_ 3) , tj, <r 2 is unaffected by making a 4 = a 5 = a„_ 3 = . 

Thus the transformations are simplified. 

By these transformations the writer has tested the various forms for equiva- 
lence and non-equivalence, and has obtained the following table which comprises 
all the possible non-equivalent forms, provided any system is always regarded as 
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the equivalent of its reciprocal, the letters having the signification given in the 
form on p. 380: 



a 


b 


c 


d 


e 


/ 


9 


h 


i 


j 
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1 








1 
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1 
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1 





1 


























1 



































1 
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1 




























— 1 
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1 




1 








1 








1 


1 


1 




1 





1 





1 





1 


1 


e 




1 





1 





1 





1 


— 1 







— 1 


1 


1 











1 


— 1 







— 1 





1 





1 





c 


2 — c 
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1 
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— 1 





1 


-1 





1 





1 





1 


— 1 
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d 
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To these must be added, if we do not regard reciprocals as necessarily 
equivalent : 



a 


b 


c 


d 


e 


/ 


9 


h 


i 


3 











l 











1 

















1 





















In one of the systems e enters as a parameter. It is a little remarkable that 
it can be made zero except for the particular case n = 8 , the necessary trans- 
formations containing a fraction with (n — 8) in the denominator. Similarly, in 
the two systems in which h enters as a parameter, it can be reduced to unity if 
it is not zero, except for the particular case n = 7 . 

Yale University, June 1, 1899. 



